Existence of nontrivial periodic solutions for first order functional differential equations  by Kang, Shugui & Zhang, Guang
Applied Mathematics Letters 18 (2005) 101–107
www.elsevier.com/locate/aml
Existence of nontrivial periodic solutions for first order functional
differential equations✩
Shugui Kanga,∗, Guang Zhangb
aDepartment of Mathematics, Yanbei Normal University, Datong, Shanxi 037000, PR China
bDepartment of Mathematics, Qingdao Polytechnic University, No. 11, Fushun Road, Qingdao 266033, PR China
Received 1 July 2003; accepted 1 July 2004
Abstract
In this paper, in the case of not requiring the nonlinear terms to be non-negative the existence of nontrivial peri-
odic solutions for the first order functional differential equations is considered by using the partial ordering theory.
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1. Introduction
Functional differential equations with periodic delays appear in a number of ecological, economical
and physiological and other models. In particular, the functional differential equations with periodic
delays can be interpreted as the standard model arising in optics and physiology
x ′(t) = −x(t) + f (x(t − τ)) (1)
subject to perturbation with periodic delay. One important question is whether these equations can
support periodic solutions. Such questions have been studied extensively by a number of authors (see for
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example, [1–9] and the references therein) for Eq. (1) with the different nonlinear term f . In particular,
we consider the existence of periodic positive solutions for the equations
y′(t) = −a(t)y(t) + f (t, y(t − τ(t))) (2)
and
x ′(t) = a(t)x(t) − f (t, x(t − τ(t))). (3)
For example, see [6,7]. Eqs. (2) and (3) can be seen as economical models. Thus, the existence of
nontrivial periodic solutions for Eqs. (2) and (3) are important. In this note, we will investigate the
existence of nontrivial periodic solutions for the first-order functional differential equations (2) and (3).
In the following, we will assume that a = a(t) and τ = τ(t) are continuous T -periodic functions.
We also assume that T > 0, that f ∈ C(R2, R) is T -periodic with respect to the first variable, and that∫ T
0 a(s)ds > 0.
2. Main results
We know that Eq. (2) has a T -periodic solution y(t) if, and only if, y(t) is a T -periodic solution of the
equation
y(t) =
∫ t+T
t
G(t, s) f (s, y(s − τ(s)))ds (4)
where
G(t, s) = exp
(∫ s
t a(u)du
)
exp
(∫ T
0 a(u)du
)
− 1
.
See [6,7]. Therefore, we may transform our existence problem into a fixed point problem. To this end,
we first note that
m ≡ min
0≤t,s≤T
G(t, s) ≤ G(t, s) ≤ max
0≤t,s≤T
G(t, s) ≡ M
and
1 ≥ G(t, s)
max
0≤t,s≤T
G(t, s)
≥
min
0≤t,s≤T
G(t, s)
max
0≤t,s≤T
G(t, s)
= m
M
.
Clearly, Eq. (4) has a T -periodic solution y(t) if, and only if, y(t) is a T -periodic solution of the equation
y(t) =
∫ t
t−T
G(t, s) f (s, y(s − τ(s)))ds. (5)
The existence of Eq. (5) has been studied extensively by a number of authors when τ ≡ 0. See [10–13].
Now let C(R) be the set of all real T -periodic continuous functions defined on R which is endowed
with the usual linear structure as well as the norm
‖y‖ = sup
t∈[0,T ]
|y(t)|.
Then C(R) × C(R) is also a Banach space with the norm ‖(φ,ψ)‖ = max{‖φ‖, ‖ψ‖}. Denote the set
P0 = {φ ∈ C(R) : φ(x) ≥ 0, x ∈ R}. P0 ⊂ C(R) is a normal cone.
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Theorem 1. Let f (t, u) = f1(t, u) − f2(t, u), where fi(t, u) (i = 1, 2) are non-negative continuous
functions which satisfy fi(t, 0) = 0 (i = 1, 2). Assume that
lim
|u|→0
f1(t, u)
|u| = +∞, (6)
lim
|u|→0
f2(t, u)
|u| < +∞, (7)
lim
u→+∞
f1(t, u)
u
= 0, (8)
and
lim|u|→+∞
f2(t, u)
|u| = 0 (9)
uniformly with respect to all t ∈ R. Then Eq. (2) has at least a nontrivial periodic solution.
Proof. Set P = {φ ∈ C(R) : φ(x) ≥ 0, φ(x) ≥ cˆφ(z),∀x, z ∈ [t, t + T ], t ∈ R}, where cˆ = m/M . It
is not difficult to check that P ⊂ C(R) is a cone and P × P ⊂ C(R) × C(R) is also a cone.
Set
A1(φ,ψ)(t) =
∫ t+T
t
G(t, s) f1(s, φ(s − τ(s)) − ψ(s − τ(s)))ds,
A2(φ,ψ)(t) =
∫ t+T
t
G(t, s) f2(s, φ(s − τ(s)) − ψ(s − τ(s)))ds,
and
A(φ,ψ)(t) = (A1(φ,ψ)(t), A2(φ,ψ)(t)).
Then A : P × P → C(R) × C(R) is completely continuous (on a bounded closed subset of P × P) and
we have
Ai (φ,ψ)(z) =
∫ z+T
z
G(z, s) fi(s, φ(s − τ(s)) − ψ(s − τ(s)))ds
≤ M
∫ T
0
fi(s, φ(s − τ(s)) − ψ(s − τ(s)))ds
and
Ai (φ,ψ)(x) =
∫ x+T
x
G(x, s) fi (s, φ(s − τ(s)) − ψ(s − τ(s)))ds
 m
∫ x+T
x
fi(s, φ(s − τ(s)) − ψ(s − τ(s)))ds
= m
∫ T
0
fi(s, φ(s − τ(s)) − ψ(s − τ(s)))ds ≥ cˆAi (φ,ψ)(z) for i = 1, 2.
Thus, we have A : P × P → P × P .
From (7), we know that there exists β > 0 and r1 > 0 such that
f2(t, u) ≤ β|u| for |u| ≤ r1 and t ∈ R. (10)
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Let 0 < ε < min{1, cˆ2(1+MβT ) }, then we have
mes G0 = mes{x ∈ [t, t + T ] : |φ(x) − ψ(x)| ≥ εr} ≥ min
{
T,
cˆ
2Mβ
}
(11)
for (φ,ψ) ∈ P × P , ‖(φ,ψ)‖ = r ≤ r1, and A2(φ,ψ) = ψ . In fact, if |φ(x) − ψ(x)| ≥ εr
for any x ∈ R, then (11) is obvious. If there exists x1 ∈ R such that |φ(x1) − ψ(x1)| < εr , then
‖ψ‖ ≥ ψ(x1) > φ(x1) − εr ≥ cˆ‖φ‖ − εr . Thus ‖ψ‖ > (cˆ − ε)r . Assume that ψ(x2) = ‖ψ‖, then from
A2(φ,ψ) = ψ and (10), we have
(cˆ − ε)r ≤ ψ(x2) =
∫ x2+T
x2
G(x2, s) f2(s, φ(s − τ(s)) − ψ(s − τ(s)))ds
=
(∫
G0
+
∫
[x2,x2+T ]\G0
)
G(x2, s) f2(s, φ(s − τ(s)) − ψ(s − τ(s)))ds
≤ Mβ
(∫
G0
+
∫
[x2,x2+T ]\G0
)
|φ(s − τ(s)) − ψ(s − τ(s))|
≤ Mβr(mes G0 + εmes([x2, x2 + T ]\G0)).
It is not difficult to check that mes G0 ≥ cˆ2Mβ , i.e. (11) holds.
Note that a = min{T, cˆ2Mβ }, choose α such that α ≥ 1maε . By (6), then there exists r ≤ r1 such that
f1(t, u) ≥ α|u|, for |u| ≤ r and t ∈ R. (12)
Let H (x) = ∫ x+T
x
G(x, y)dy, then H ∈ P and for any (φ,ψ) ∈ ∂(P × P)r = {(φ,ψ) ∈ P × P :
‖(φ,ψ)‖ = r} and µ  0, we have
(φ,ψ) − A(φ,ψ) = µ(H, θ). (13)
In fact, if there exists (φ0, ψ0) ∈ ∂(P × P)r and µ0 ≥ 0 such that
φ0 − A1(φ0, ψ0) = µ0 H (14)
and
ψ0 − A2(φ0, ψ0) = θ. (15)
We assume that µ0 > 0, otherwise, (φ0, ψ0) is a fixed point of A. From (15) we know that (11) holds for
the above ε, and from (14) we have φ0 ≥ µ0 H . Note that µ∗ = sup{µ : φ0 ≥ µH }, then µ∗ ≥ µ0 > 0.
From (11), (12) and (14), we have
φ0(x) = µ0 H (x) + A1(φ0, ψ0)(x)
= µ0 H (x) +
∫ x+T
x
G(x, y) f1(y, φ0(y − τ(y)) − ψ0(y − τ(y)))dy
≥ µ0 H (x) +
∫
G0
G(x, y) f1(y, φ0(y − τ(y)) − ψ0(y − τ(y)))dy
≥ µ0 H (x) + α
∫
G0
G(x, y)|φ0(y − τ(y)) − ψ0(y − τ(y))|dy
≥ µ0 H (x) + mαεr · mes G0 ≥ µ0 H (x) + maαεµ∗H (x) ≥ (µ0 + µ∗)H (x)
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obviously. This does not satisfy the definition of µ∗. Thus (13) holds. See [10]; we have
i(A, (P × P)r , P × P) = 0. (16)
Next, we will prove that there exists R > 0 such that
A(φ,ψ) ≥ (φ,ψ) for (φ,ψ) ∈ ∂(P × P)R. (17)
In fact, we take c such that 0 < c < cˆMT . From (8) and (9), there exists R0 such that f1(t, u) ≤ cu andf2(t, v) ≤ c|v| for u ≥ R0, |v| ≥ R0 and t ∈ R. Note that
ξ = max
{
sup
0≤u≤R0
f1(t, u), sup
0≤|v|≤R0
f2(t, v)
}
,
then we have
f1(t, u) ≤ cu + ξ (18)
and
f2(t, v) ≤ c|v| + ξ for u ≥ 0 and t, v ∈ R. (19)
We take Rˇ > max{r, R0, ξ MTcˆ−cMT } such that (17) holds. Let ‖(φ,ψ)‖ = Rˇ and φ(x) ≥ ψ(x) for any
x ∈ R, then we have
A1(φ,ψ)(x) =
∫ x+T
x
G(x, y) f1(y, φ(y − τ(y)) − ψ(y − τ(y)))dy
≤
∫ x+T
x
G(x, y)[c(φ(y − τ(y)) − ψ(y − τ(y))) + ξ ]dy
≤ M RˇcT + ξ MT < Rˇ = ‖φ‖
by (18). Thus A1(φ,ψ) ≥ φ. That is, A(φ,ψ) ≥ (φ,ψ). If there exists x0 ∈ R such that φ(x0) < ψ(x0),
then ‖ψ‖ ≥ cˆ Rˇ. Hence, we have
A2(φ,ψ)(x) =
∫ x+T
x
G(x, y) f2(y, φ(y − τ(y)) − ψ(y − τ(y)))dy
≤
∫ x+T
x
G(x, y)[c|(φ(y − τ(y)) − ψ(y − τ(y)))| + T0]dy
≤ M RˇcT + MT0T < cˆ Rˇ ≤ ‖ψ‖
by (19). Thus A2(φ,ψ) ≥ ψ . That is, A(φ,ψ) ≥ (φ,ψ). From (17), we have
i(A, (P × P)R, P × P) = 1. (20)
From (16), (20) and the additivity of the fixed-point index, we have i(A, (P×P)R\(P×P)r , P×P) = 1.
By the solvability of the fixed-point index, there exists (φ∗, ψ∗) ∈ (P × P)R\(P × P)r such that
A(φ∗, ψ∗) = (φ∗, ψ∗), i.e.
φ∗(x) =
∫ x+T
x
G(x, y) f1(y, φ∗(y − τ(y)) − ψ∗(y − τ(y)))dy
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and
ψ∗(x) =
∫ x+T
x
G(x, y) f2(y, φ∗(y − τ(y)) − ψ∗(y − τ(y)))dy.
From fi (t, 0) = 0 (i = 1, 2) we know that φ∗ = ψ∗. Thus, we know that φ∗ −ψ∗ is a nontrivial periodic
solution of Eq. (4). The proof is complete. 
Similarly, we can also consider Eq. (3). By (3), we have
x(t) =
∫ t+T
t
H (t, s) f (s, x(s − τ(s)))ds,
where
H (t, s) = exp
(− ∫ st a(u)du)
1 − exp
(
− ∫ T0 a(u)du) =
exp
(∫ t+T
s
a(u)du
)
exp
(∫ T
0 a(u)du
)
− 1
which satisfies
M = max
t,s∈[0,T ]
H (t, s) ≥ H (t, s) ≥ min
t,s∈[0,T ]
H (t, s) = m, t ≤ s ≤ t + T
and
1 ≥ H (t, s)
max
t,s∈[0,u]
H (t, s)
≥
min
t,s∈[0,T ]
H (t, s)
max
t,s∈[0,T ]
H (t, s)
= m
M
= σ.
Theorem 2. All conditions of Theorem 1 hold, then Eq. (3) has at least a nontrivial periodic solution.
For example, we consider the function
f (t, u) = (1 + e−(u+h(t))) |u|α − |u|β ln(1 + |u|),
where 0 < α < 1, 0 < β < 1, and h ∈ C(R, R) is a T -periodic function. Such a function satisfies all
conditions of Theorems 1 and 2.
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